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Abstract

Partitioning a time-series into internally homogeneous segments is an important data-mining problem. The
changes of the variables of a multivariate time-series are usually vague and do not focus on any particular time
point. Therefore, it is not practical to define crisp bounds of the segments. Although fuzzy clustering algorithms are
widely used to group overlapping and vague objects, they cannot be directly applied to time-series segmentation,
because the clusters need to be contiguous in time. This paper proposes a clustering algorithm for the simultaneous
identification of local probabilistic principal component analysis (PPCA) models used to measure the homogeneity
of the segments and fuzzy sets used to represent the segments in time. The algorithm favors contiguous clusters
in time and is able to detect changes in the hidden structure of multivariate time-series. A fuzzy decision making
algorithm based on a compatibility criteria of the clusters has been worked out to determine the required number of
segments, while the required number of principal components are determined by the screeplots of the eigenvalues
of the fuzzy covariance matrices. The application example shows that this new technique is a useful tool for the
analysis of historical process data.
© 2004 Published by Elsevier B.V.
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1. Introduction

Knowledge discovery in databases (KDD) and/or data mining refers to the overall process of
discovering knowledge from data. KDD has evolved from the intersection of research fields such as
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machine learning, pattern recognition, databases, statistics, artificial intelligence, and more recently it has
received new inspiration from soft computing[20]. In this paper, a new soft computing-based algorithm
is presented which is useful for the fuzzy segmentation of multivariate temporal databases.

A sequence ofN-observed data,x1, . . . , xN , ordered in time, is called time-series. Real-life time-
series can be taken from business, physical, social and behavioral science, economics, engineering, etc.
Time-series segmentation addresses the following data-mining problem: given a time-series,T, find a
partitioning ofT into c segments that are internally homogeneous[24]. Depending on the application,
the goal of the segmentation is to locate stable periods of time, to identify change points, or to simply
compress the original time-series into a more compact representation[18]. Although, in many real-life
applications a lot of variables must be simultaneously tracked and monitored, most of the segmentation
algorithms are used for the analysis of only one time-variant variable[16]. However, in some cases it is
necessary to synchronously segment the time-series of the variables.

The segmentation of multivariate time-series is especially important in the data-based analysis and
monitoring of modern production systems, where huge amount of historical process data are recorded
with distributed control systems (DCS). These data definitely have the potential to provide information for
product and process design, monitoring and control[27]. This is especially important in many practical
applications, where first-principles modeling of complex “data-rich and knowledge-poor” systems are
not possible[28]. Therefore, KDD methods have been successfully applied to the analysis of process
systems, and the results have been used in process design, process improvement, operator training, and so
on[25]. Hence, the data-mining algorithm proposed in this paper has been developed to the analysis of the
historical process data of a medium and high-density polyethylene (MDPE, HDPE) plant. The operators
of this polymerization process should simultaneously track many process variables. Of course, due to the
hidden nature of the system the measured variables are correlated. Hence, it is useful to monitor only
some principal components that is widely applied in advanced process monitoring. The main problem of
this approach is that in some cases the hidden process, which can be observed as the correlation among the
variables, varies in time. In our example, this phenomenon can occur when a different product is formed,
and/or different catalyst is applied, or there are significant process faults, etc. The segmentation of only
one measured variable is not able to detect such changes. Hence, the segmentation algorithm should be
based on multivariate statistical tools.

To demonstrate this problem, let us consider the synthetic dataset shown in Fig.1. The observed
variables that can be seen on Fig.1(b) are not independent, they were generated by the latent variables
shown in Fig.1(a). The correlation among the observed variables changes at the quarter of the time period,
and the mean of the latent variables changes at the half of the time period. These changes are marked by
vertical lines on Fig.1(a).

As can be seen on Fig.1(b), such information can be detected neither by application of univariate
segmentation algorithms, nor by the visual inspection of the observed variables. Hence, the aim of this
paper is to develop an algorithm that is able to handle time-varying characteristics of multivariate data:
(i) changes in the mean; (ii) changes in the variance; and (iii) changes in the correlation structure among
the variables.

To discover that type of changes of the hidden relationships of multivariate time-series, multivariate
statistical tools should be applied by the segmentation algorithm. Among the wide range of possible
tools, e.g., random projection, independent component analysis, the proposed algorithm utilizes principal
component analysis (PCA). PCA maps the data points into a lower dimensional space, which is useful
in the analysis and visualization of the correlated high-dimensional data[22]. Linear PCA models have
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Fig. 1. The synthetic dataset and its segmentation by different algorithms based on two and five principal components: (a) Latent
variables, (b) observed variables, (c) results obtained by fuzzy clustering, (–):q = 2, (- -):q = 5 and (d) results obtained by the
bottom-up algorithm, (–):q = 2, (- -): q = 5.

two particularly desirable features: they can be understood in great detail and they are straightforward
to implement. Linear PCA can give good prediction results for simple time-series, but can fail in the
analysis of historical data having changes in regime or having nonlinear relations among the variables.
The analysis of such data requires the detection of locally correlated clusters[8]. These algorithms do
the clustering of the data to discover the local relationship among the variables similar to a mixture of
principal component models[23].

Mixtures have been extensively used as models where the data can be considered as originating from
several populations mixed in varying proportions, and expectation maximization (EM) is widely used to
estimate the parameters of the components in a mixture[7]. The clusters obtained by Gath–Geva (GG)
clustering, also referred to fuzzy maximum-likelihood clustering, are multivariate Gaussian functions.The
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alternating optimization (AO) of these clusters is identical to the EM (maximum-likelihood estimation)
identification of the mixture of these Gaussian models with fuzzy-weighting exponentm = 2 [6].

Time-series segmentation may be considered as clustering with a time-ordered structure. The contri-
bution of this paper is the introduction of a new fuzzy clustering algorithm which can be effectively used
to segment large, multivariate time-series. Since the points in a cluster must come from successive time
points, the time-coordinate of the data has to be also considered during the clustering. One possibility to
deal with time is to define a new cluster prototype that uses time as an additional variable. Hence, the
clustering is based on a distance measure which consists of two terms: the first distance term is based on
how the data are in the given segment defined by the Gaussian fuzzy sets defined in the time domain, while
the second term measures how far the data are from the hyperplane of the PCA model of the segments.

The fuzzy segmentation of time-series is an adequate idea. The changes of the variables of the time-
series are usually vague and are not focused on any particular time point. Therefore, it is not practical
to define crisp bounds of the segments. For example, if humans visually analyze historical process data,
they use expressions like “this point belongs to this operating point less and belongs to the other more”.
A good example of this kind of fuzzy segmentation is how fuzzily the start and end ofearly morning
is defined. Fuzzy logic is widely used in various applications, where the grouping of overlapping and
vague objects is necessary[1], and there are many fruitful examples in the literature for the combination
of fuzzy logic with time-series analysis tools[5,9,18,26].

The key problem of the application of fuzzy clustering for time-series segmentation is the selection
of the number of segments for the clustering process. Obviously, this is a standard problem also in the
classicalc-means clustering. In the context of time-series, however, it appears to be even more severe.
For this purpose a bottom-up algorithm has been worked out where the clusters are merged during
a recursive process. The cluster merging is coordinated by a fuzzy decision-making algorithm which
utilizes a compatibility criterion of the clusters[12], where this criterion is calculated by the similarity
of the principal component models of the clusters[17].

The rest of this paper is organized as follows. Section2 defines the time-segmentation problem and
presents the proposed clustering algorithm. Section3 contains computational examples using a synthetic
dataset and historical process data collected during the production of high-density polyethylene. Finally,
some conclusions are given in Section4.

2. Clustering-based time-series segmentation

2.1. Time-series segmentation

A time-seriesT = {xk|1�k�N} is a finite set ofN samples labelled by time pointst1, . . . , tN , where
xk = [x1,k, x2,k, . . . , xn,k]T. A segment ofT is a set of consecutive time pointsS(a, b) = {a�k�b},
xa, xa+1, . . . , xb. Thec-segmentation of time-seriesT is a partition ofT to c non-overlapping segments
ScT = {Si(ai, bi)|1�i�c}, such thata1 = 1, bc = N , andai = bi−1+1. In other words, ac-segmentation
splitsT to c disjoint time intervals by segment boundariess1 < s2 < · · · < sc, whereSi(si−1 + 1, si).

Usually, the goal is to find homogeneous segments from a given time-series. In such cases, the seg-
mentation problem can be defined as constrained clustering: data points should be grouped based on their
similarity, but with the constraint that all points in a cluster must come from successive time points. In
order to formalize this goal, acost (S(a, b)) cost function with the internal homogeneity of individual
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segments should be defined. The cost function can be any arbitrary function. For example, in[10,24]the
sum of variances of the variables in the segment was defined ascost (S(a, b)). Usually, thecost (S(a, b))
cost function is defined based on the distances between the actual values of the time-series and the values
given by a simple function (constant or linear function, or a polynomial of a higher but limited degree)
fitted to the data of each segment. Hence, the optimalc-segmentation simultaneously determines theai, bi
borders of the segments and the�i parameter vectors of the models of the segments by minimizing the
cost ofc-segmentation which is usually the sum of the costs of the individual segments:

cost(ScT ) =
c∑
i=1

cost(Si) . (1)

This cost function can be minimized by dynamic programming, which is computationally intractable
for many real datasets[10]. Consequently, heuristic optimization techniques such as greedy top-down or
bottom-up techniques are frequently used to find good but suboptimalc-segmentations[14,22]:
Sliding window: A segment is grown until it exceeds some error bound. The process repeats with the

next data point not included in the newly approximated segment. For example, a linear model is fitted on
the observed period and the modeling error is analyzed.
Top-down method: The time-series is recursively partitioned until some stopping criterion is met.
Bottom-up method: Starting from the finest possible approximation, segments are merged until some

stopping criterion is met.
Search for inflection points: Searching for primitive episodes located between two inflection points.
In the following subsection a different approach will be presented based on the clustering of the data.

2.2. Fuzzy cluster-based fuzzy segmentation

When the variance of the segments are minimized during the segmentation, Eq. (1) results in the
following equation:

cost (ScT ) =
c∑
i=1

si∑
k=si−1+1

‖ xk − vxi ‖2=
c∑
i=1

N∑
k=1

�i(tk)D
2(xk, vxi ), (2)

whereD2(xk, vxi ) represents the distance between thevxi mean of the variables in theith segment (center
of the ith cluster) and thexk data point; and�i(tk) ∈ {0,1} stands for the crisp membership of thekth
data point in theith segment, and

�i(tk) =
{

1 if si−1 < k�si,
0 otherwise.

(3)

This equation is well comparable to the typical error measure of standardk-means clustering but in this
case the clusters are limited to contiguous segments of the time-series instead of the Voronoi regions
in Rn.

The changes of the variables of the time-series are usually vague and are not focused on any particular
time point.As it is not practical to define crisp bounds of the segments, in this paper Gaussian membership
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functions,Ai(tk), are used to represent the�i(tk) ∈ [0,1] fuzzy segments of a time-series:

Ai(tk) = exp

(
−1

2

(
tk − vti

)2
�2
i,t

)
, �i(tk) = Ai(tk)∑c

j=1Aj(tk)
. (4)

For the identification of thevti centers and�2
i,t variances of the membership functions, a fuzzy clustering

algorithm is introduced. The algorithm, which is similar to the modified GG clustering[3], assumes that
the data can be effectively modeled as a mixture of multivariate (including time as a variable) Gaussian
distribution, so it minimizes the sum of the weighted squared distances between thezk = [tk, xT

k ]T data
points and the�i cluster prototypes

J =
c∑
i=1

N∑
k=1

(
�i,k

)m
D2(zk, �i), (5)

where�i,k represents the degree of membership of the observation,zk = [tk, xT
k ]T is in the ith cluster

(i = 1, . . . , c) andm ∈ [1,∞) is a weighting exponent that determines the fuzziness of the resulting
clusters (usually chosen asm = 2).

The GG clustering algorithm can be interpreted in a probabilistic framework, since theD2(zk, �i)
distance is inversely proportional to the probability that thezk data point belongs to theith cluster,
p(zk|�i). The data are assumed to be normally distributed random variables with expected valuevi and
covariance matrixFi . The GG clustering algorithm is equivalent to the identification of a mixture of
Gaussians that represents thep(zk|�) probability density function expanded in a sum over thec clusters

p(zk|�) =
c∑
i=1

p(zk|�i)p(�i), (6)

where thep(z|�i) distribution generated by theith cluster is represented by the Gaussian function

p(z|�i) = 1

(2�)(n+1)/2
√

det(Fi)
exp

(
−1

2
(z− vi)T(Fi)−1(z− vi)

)
(7)

andp(�i) is the unconditional cluster probability (normalized such that
∑c

i=1p(�i) = 1 holds), where
�i represents the parameters of theith cluster,�i = {p(�i), vi ,Fi |i = 1, . . . , c}.

Since the time variable is independent from thexk variables, the proposed clustering algorithm is based
on the followingD2(zk, �i) distance measure

p(zk|�i)=
1

D2(zk, �i)
= �i︸︷︷︸

p(�i )

1√
2��2

i,t

exp

(
−1

2

(tk − vti )
2

�2
i,t

)
︸ ︷︷ ︸

p(tk |�i )

× 1

(2�)
r
2
√

det(Ai)
exp

(
−1

2
(xk − vxi )

TA−1
i (xk − vxi )

)
︸ ︷︷ ︸

p(xk |�i )

, (8)

which consists of three terms. The first�i term represents the a priori probability of the cluster, while the
second represents the distance between thekth data point and thevti center of theith segment in time. The
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third term represents the distance between the cluster prototype and the data in the feature space where
vxi means the coordinate of theith cluster center in the feature space andr is the rank ofAi distance norm
corresponding to theith cluster.

The proposed cluster prototype formulated by (8) is similar to that used by the GG clustering algorithm.
However, it utilizes a different distance norm,Ai . In the following section, it will be demonstrated how
this norm can be based on the principal component analysis of the cluster.

2.3. PCA-based distance measure

TheAi distance norm can be defined in many ways. It is wise to select this norm to scale the variables
so that those with greater variability do not dominate the clustering. One can scale by dividing by standard
deviations, but a better procedure is to use statistical (Mahalanobis) distance, which also adjusts for the
correlations among the variables. In this case,Ai is the fuzzy covariance matrixAi = Fi , where

Fi =
∑N

k=1

(
�i,k

)m (xk − vxi
) (
xk − vxi

)T∑N
k=1

(
�i,k

)m . (9)

When the variables are highly correlated, theFi covariance matrix can be ill-conditioned and cannot
be inverted. Recently, two methods have been worked out to handle this problem[4]. The first method
is based on fixing the ratio between the maximal and minimal eigenvalues of the covariance matrix.
The second method is based on adding a scaled unity matrix to the calculated covariance matrix. Both
methods result in invertible matrices, but neither of them extracts the potential information about the
hidden structure of the data.

PCA is based on the projection of correlated high-dimensional data onto a hyperplane. This mapping
uses only the first fewq nonzero eigenvalues and the corresponding eigenvectors of theFi = Ui�iUT

i ,
covariance matrix, decomposed to the�i matrix that includes the eigenvalues	i,j of Fi in its diagonal,
in decreasing order, and to theUi matrix that includes the eigenvectors corresponding to the eigenvalues
in its columns. The vectoryi,k = W−1

i (xk) = WT
i (xk) is aq-dimensional reduced representation of the

observed vectorxk, where theWi weight matrix contains theq principal orthonormal axes in its column
Wi = Ui,q�

1/2
i,q .

One limiting disadvantage of these definitions of PCA is the absence of an associated probability
density or generative model which is required to computep(xk|�i). Tipping and Bishop[23] developed
a method called probabilistic principal component analysis (PPCA). In the PPCA the log-likelihood of
the observing the data under this model is

L =
N∑
k=1

ln(p(xk|�i)) = −N

2

{
n ln(2�)+ ln (det(Ai))+ tr(A−1

i Fi)
}
, (10)

whereAi = �2
i,x I + WiWT

i is the modified covariance matrix of theith cluster which can be used to
compute thep(xk|�i) probability. The log-likelihood is maximized when the columns ofWi span the
principal subspace of the data. Tipping and Bishop proved that the only nonzero stationary points of the
derivative of (10) with respect toWi occur for

Wi = Ui,q
(
�i,q − �2

i,x I
)1/2

Ri , (11)
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whereRi is an arbitraryq × q orthogonal rotation matrix and�2
i,x is given by

�2
i,x = 1

n− q

n∑
j=q+1

	i,j . (12)

The algorithmic description of the EM approach to PPCA model is given in[23], but it can also be found
in the following section, where the estimation of this model is incorporated into the clustering procedure.

2.4. Modified GG clustering for time-series segmentation

One of the most important advantages of PPCA models is that it allows their combination into mixture
of models. Mixtures have been extensively used as models where data can be viewed as arising from
several populations mixed in varying proportions, and EM is widely used to estimate the parameters of the
components in a mixture[7]. The clusters obtained by GG clustering, also referred to fuzzy maximum-
likelihood clustering, are multivariate Gaussian functions. The alternating optimization (AO) of these
clusters is identical to the EM (maximum-likelihood estimation) identification of the mixture of these
Gaussian models when the fuzzy weighting exponentm = 2 [6].

Similarly to GG clustering, in the proposed algorithm the optimal parameters of the�i = {vxi ,Ai , vti ,
�2
i,x, �i} cluster prototypes are determined by the minimization of the (5) functional subjected to the

following constraints to get a fuzzy partitioning space,

U = [�i,k]c×N | �i,k ∈ [0,1], ∀i, k;
c∑
i=1

�i,k = 1, ∀k; 0 <
N∑
k=1

�i,k < N ∀i. (13)

The most popular method to solve this problem is the AO, which consists of the application of Picard
iteration through the first-order conditions for the stationary points of (5), which can be found by adjoining
the constraints (13) to J by means of Lagrange multipliers[11]

J (Z,U, �, �) =
c∑
i=1

N∑
k=1

(
�i,k

)m
D2(zk, �i)+

N∑
k=1

	i

(
c∑
i=1

�i,k − 1

)
(14)

and by setting the gradients ofJ with respect toZ,U, � and� to zero.
This results in the following easily implementable algorithm.

Initialization . Given a time-seriesT specifycandq, choose a termination tolerance
 > 0, and initialize
the values ofWi , vxi , �

2
i,x, �i,k.

Repeat for l = 1,2, . . .
Step1: Calculate the�i parameters of the clusters

• a priori probability of the cluster

�i = 1

N

N∑
k=1

�i,k, (15)
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• the cluster centers

vxi =
∑N

k=1(�i,k)
m
(
xk −Wi〈yi,k〉

)∑N
k=1(�i,k)

m
, (16)

where the expectation of the latent variables is〈yi,k〉 = M−1
i WT

i

(
xk − vxi

)
and theq × q matrix

M i = �2
i,x I +WT

i Wi .
• the new values ofWi

W̃i = FiWi

(
�2
i,x I +M−1

i WT
i FiWi

)−1
, (17)

whereFi computed by (9).
• the new value of�2

i,x

�2
i,x = 1

q
tr(Fi − FiWiM

−1
i W̃T

i ), (18)

• the distance norm (n× n matrix)

Ai = �2
i,x I + W̃iW̃T

i , (19)

• the model parameters in time: the center and the standard deviation

vti =
∑N

k=1

(
�i,k

)m
tk∑N

k=1

(
�i,k

)m , �2
i,t =

∑N
k=1

(
�i,k

)m (
tk − vti

)2∑N
k=1

(
�i,k

)m . (20)

Step2: Compute theD2(zk, �i) distance measures by (8).
Step3: Update the partition matrix

�(l)i,k = 1∑c
j=1

(
D(zk, �i)/D(zk, �j )

)2/(m−1)
1�i�c, 1�k�N . (21)

until ||U(l) − U(l−1)|| < 
.

The usefulness and accuracy of the algorithm depends on the right choice of theq number of principal
components (PCs) and thecnumber of the segments. Hence, the crucial question of the usefulness of the
proposed cluster algorithm is how these parameters can be determined in an automatic manner. This will
be presented in the following two subsections.

2.5. Automatic determination of the number of the segments

In data mining, the bottom-up segmentation algorithm has been extensively used to support a variety
of time-series data-mining tasks[14]. The algorithm starts by creating a fine approximation of the time-
series, and iteratively merges the lowest cost pair of segments until a stopping criteria is met. For the
automatic selection of the number of segments, a similar approach is proposed in this section.The proposed
recursive cluster-merging technique evaluates the adjacent clusters for their compatibility (similarity) and
merges the clusters that are found to be compatible. Then, after a proper initialization of the parameters
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of the new cluster the clustering is performed again. During this merging and re-clustering procedure the
number of clusters is gradually reduced, until an appropriate number of clusters is found. This procedure
is controlled by a fuzzy decision-making algorithm based on the similarity between the PCA models.

2.5.1. Similarity of PCA models
The similarity of two PCA models (i.e. hyperplanes) can be calculated by the PCA similarity factor,

SPCA, developed by Krzanowski[17,21]. Consider two segments,Si andSj , of a dataset having the
samen variables. Let the PCA models forSi andSj consist ofqPCs each. The similarity between these
subspaces is defined based on the sum of the squares of the cosines of the angles between each principal
component ofUi,q andUj,q :

S
i,j
PCA = 1

q

q∑
i=1

q∑
j=1

cos2 �i,j = 1

q
tr
(
UT
i,qUj,qU

T
j,qUi,q

)
. (22)

Because theUi,q andUj,q subspaces contain theqmost important principal components that account for

most of the variance in their corresponding datasets,S
i,j
PCA is also a measure of similarity between the

segmentsSi andSj .
Since the purpose of the segmentation is also to detect changes in the mean of the variables, it is not

sufficient to compute only theSi,jPCA similarity factor, but the distance among the cluster centers also has
to be taken into account

D(vxi , v
x
j ) = ‖vxi − vxj ‖. (23)

Hence, the compatibility criterion has to consider thec1
i,j = S

i,j
PCA andc2

i,j = D(vxi , v
x
j ) factors.

2.5.2. The decision-making algorithm
Because the compatibility criterion quantifies various aspects of the similarity of the clusters, the

overall cluster compatibility should be obtained through an aggregation procedure. A fuzzy decision-
making algorithm can be used for this purpose[12].

Compatibility criteria (22) and (23) are evaluated for each pair of clusters. The resulting compatibility
matrix is descriptive concerning the structure of the whole time-series, e.g., repetitive motifs can be also
detected from the analysis of the compatibility of the non-adjacent clusters. Following a fuzzy decision-
making approach, the decision goals for each criterion have to be defined using a fuzzy set. Fig.2
shows the triangular membership functions defined for the two criteria. The important parameters of the
membership functions are the limits of their support, characterized by the�1 knot point for parallelism
and�2 for closeness. The values of�1 and�2 are given by averaging compatibilities according to

�1 = 1

c(c − 1)

c∑
i=1

c∑
j=1
j �=i

c1
i,j , (24)

�2 = 1

c(c − 1)

c∑
i=1

c∑
j=1
j �=i

c2
i,j . (25)
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Fig. 2. Membership functions for parallelism and closeness of clusters.

Evaluating the membership functions with the valuesc1
i,j andc2

i,j , one obtains the�1
i,j degree of parallelism

and�2
i,j of closeness. The overall cluster compatibility is determined by the aggregation of the two criteria.

A fuzzy aggregation operator is used for this purpose. The outcome of the decision procedure is theO
overall compatibility matrix whoseOi,j elements are given by

Oi,j =
[
(�1
i,j )

2 + (�2
i,j )

2

2

]1/2

. (26)

Given theO compatibility matrix, the clusters that will be merged must be identified and combined.
Clusters can be merged in several ways. Our method merges the most similar pair of adjacent clusters as
long as the value of the correspondingOi,i+1 is above a threshold�.

2.5.3. Cluster merging
The applied bottom-up strategy merges two adjacent clusters in each iteration. To preserve the infor-

mation represented by the clusters, there is a need for a merging method that can directly compute the
new initial parameters of the cluster from the merged clusters. This can be done by several ways (e.g., by
Stroupe and Durrant–Whyte methods[19]). In this paper, the method developed by Kelly is applied[13].

Thevxi∗ mean of the resulting cluster is computed from the individual cluster means

vxi∗ = Ni

Ni∗
vxi + Nj

Ni∗
vxi+1, (27)
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whereNi = ∑N
k=1 �i,k, Ni+1 = ∑N

k=1 �i+1,k andNi∗ = Ni+Ni+1, while theFi∗ new covariance matrix
is calculated from theFi andFi+1 old covariance matrices as

Fi∗ = Ni − 1

Ni∗ − 1
Fi + Ni+1 − 1

Ni∗ − 1
Fi+1 + NiNi+1

Ni∗(Ni∗ − 1)
[(vxi − vxi+1)(v

x
i − vxi+1)

T]. (28)

The new values ofWi∗ and�2
i∗,x can be computed by (11) and (12) based on the eigenvector–eigenvalue

decomposition ofFi∗. Based on the obtained results, thep(xk|�i∗) probabilities can be easily computed
(see the algorithm in Section2.4).

This method can also be applied to merge the membership functions characterized by the parameters
vti , �2

i,t andvti+1, �2
i+1,t , and thep(tk|�i∗) probabilities can be determined from the new values ofvti∗ and

�2
i∗,t by (8). The unconditional probability of thei∗th cluster is equal to the sum of the probabilities of

the previous clustersp(�i∗) = p(�i)+ p(�i+1). After the previously presented initialization of the new
cluster prototype, the new�i∗,k membership values can be computed by (8) and (21).

2.6. The number of principal components

Beside the selection of the right number of clusters, the second bottleneck of the successful application
of the proposed algorithm is the selection of the right number of principal components. This can be done
by the analysis of the eigenvalues of the covariance matrices of the initial segments. For this purpose a
so-called screeplot can be drawn that plots the ordered eigenvalues according to their contribution to the
variance of data. Another possibility is to defineq based on the desired accuracy (loss of variance) of the
PPCA models:

q−1∑
j=1

	i,j /
n∑

j=1

	i,j < accuracy�
q∑
j=1

	i,j /
n∑

j=1

	i,j . (29)

The synthetic dataset shown in Fig.1was initially partitioned into ten segments.As Fig.3(a) illustrates,
the magnitude of the eigenvalues and their cumulative rate to their sum show that two PCs are sufficient
to approximate the distribution of the data with 98% accuracy. Obviously, this analysis can be fully
automatized.

It is interesting to note that the analysis of the fuzzy hypervolume cluster validity measure is similar to
the approach of the analysis of the eigenvalues, because theVi = (det(Fi))1/2 hypervolume of a cluster
is proportional to the product of the eigenvalues. Hence, the right number of principal components can
be also determined based on the product of theq largest eigenvalues.

2.7. The segmentation algorithm

Based on the previously presented building blocks, the proposed clustering-based segmentation algo-
rithm is formulated as follows:
Step1: Uniformly segment the data by a large number of segments (In the examples given in this paper

10 segments were used as starting point). Determine theq number of the principal components based on
the analysis of the eigenvalues of these segments. For this purpose screeplot or cluster validity measure
can be used (see Section2.6for more details).
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Fig. 3. Screeplots of the syntectic and the industrial data shown in Figs. 1 and 4, respectively: (a) Synthetic dataset and (b)
industrial dataset.

Step2: The values ofm fuzziness parameter, the� threshold for theO compatibility matrix and the

 termination tolerance must be chosen. In the case studiesm = 2, 
 = 10−4, the value of� is usually
between 0.3 and 0.75 depending of the homogeneity of the time-series.
Step3: Execute the clustering algorithm (see Section2.4). The cluster merging must be evaluated after

predefined number of iteration steps (see Section2.5). In all of our applications this number was 100.
The algorithm stops if the termination tolerance is reachedandcluster merging is not necessary.

As this formulation of the algorithm shows, although there is a need to define some parameters of the
algorithm before its application (�, 
, and the initial number of clusters), it is possible to apply the method
for high-dimensional time-series even if almost nothing is known about the structure of these series in
advance. Hence, the method is useful for knowledge discovery. Of course, data mining is an iterative
procedure. The results of the segmentation should be evaluated by human experts or by the performances
of other modeling and data-mining tools based on the segmented data, and if it is needed, the “knowledge
worker” should return to the segmentation task with a new set of these parameters.

3. Case studies

In this section the effectiveness of the developed algorithm will be illustrated by two examples: the
synthetic dataset introduced in Section1and an industrial dataset taken from an industrial polymerization
reactor, and the obtained results will be compared to the results given by the multivariate extension of the
bottom-up segmentation algorithm of Keogh[14] (see the appendix).

3.1. Synthetic dataset

The synthetic dataset given in Fig.1 is designed to illustrate how a multivariate segmentation algorithm
should detect the changes of the latent process behind the high-dimensional data.
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In Fig. 3 it has been shown that the screeplot of the eigenvalues suggests that the clustering algorithm
should take into account two principal components. From Fig.1(c)—which shows the�i normalized and
theAi(t) = p(tk|�i) Gaussian membership functions, and thep(zk|�i) probabilities—it can be seen that
with this parameter the proposed method found five segments and it is able to detect the changes in the
correlation structure and in the mean of the data. TheS

i(i+1)
PCA similarity measures of the adjacent clusters

are 0.99,0.17,0.99, and 0.99812, which suggest that the correlation among the variables has significantly
changed between the second and the third segments, while the other segments differ mainly in their mean.
These results agree with Fig.1(a) and justify the accuracy and the usefulness of the proposed method.

To illustrate the importance of the selection of the right number of PCs the same segmentation has been
performed with only one PC. In this case, the algorithm found 10 nearly symmetric segments, hence it
was not able to explore the hidden information behind the data. As it is depicted in Fig.1(c), in case of
five PCs the algorithm gave reasonable, but not so characteristic result.

These results were compared with the results of the bottom-up method based on the HotellingT 2

(top) and the reconstruction errorQ (bottom) shown in Fig.1(d). The bottom-up algorithm based on the
reconstruction errorQ is sensitive to the change in the correlation structure but it was not able to find
the change in the mean. The method based on the HotellingT 2 measure is on the contrary. The method
based on theQmeasure is very sensitive to the number of PCs. As can be seen in Fig.1(d) whenq = 2
the result is very different from that obtained byq = 5, but in both cases the algorithm finds the change
in the correlation structure.

This comparison showed that contrary to the multivariate extensions of the classical bottom-up seg-
mentation algorithm, the developed cluster analysis-based segmentation algorithm can simultaneously
handle the problems of the detection of the change of the latent process and the change of the mean of
the variables and it is more robust with respect to the number of principal components.

3.2. Application to process monitoring

Manual process supervision relies heavily on visual monitoring of characteristic shapes of changes
in process variables, especially their trends. Although humans are very good at visually detecting such
patterns, it is a difficult problem for a control system software. Researchers with different background,
for example from pattern recognition, digital signal processing and data mining, have contributed to the
process trend analysis development[16,22,26].

The aim of this example is to show how the proposed algorithm is able to detect meaningful temporal
shapes from multivariate historical process data. The monitoring of a medium and high-density polyethy-
lene (MDPE, HDPE) plant is considered. The plant is operated by TVK Ltd. (http://www.tvk.hu), which
is the largest Hungarian polymer production company in Hungary and produces raw materials for ver-
satile plastics used for household goods, packaging, car parts, and pipe. An interesting problem with
the process is that it requires the production about ten product grades according to the market demand.
Hence, there is a clear need to minimize the time of changeover between the different products because
off-specification product may be produced during the process transition. The difficulty of the analysis of
the production and the transitions comes from the fact that there are more than 10 process variables that
are needed to simultaneously monitor. Measurements are available in every 15 s on process variablesxk,
which are the polymer production intensity (PE), the inlet flowrates of hexene (C6in), ethylene (C2in),
hydrogen (H2in), the isobutane solvent (IBin) and the catalyzator (Kat), the concentrations of ethylene

http://www.tvk.hu
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Fig. 4. Segmentation of the industrial dataset: (a) States of the reactor, (b) input variables of the reactor, (c) fuzzy segmentation
resultsq = 5, � = 0.4 and (d) bottom-up segmentation results.

(C2), hexene (C6), and hydrogen (H2) and the slurry in the reactor (slurry), and the temperature of the
reactor (T).

The dataset used in this example represents 160 h of operation and includes three product transitions
around the 24, 54, and 86th hours. The initial number of the segments was ten and the� threshold was
chosen to� = 0.4. In the Fig.3 it can be seen thatq = 5 principal components must be considered for
95% accuracy.

As Fig.4 shows, both the bottom-up and the clustering-based algorithm are able to detect the product
transitions, and all the three methods gave similar results. This reflects that in this realistic the mean
and the covariance of the data were not independently changed. This is also confirmed by the analysis
of the compatibilities of the adjacent clusters. As it can be seen, the product transitions are represented
by two independent clusters, while the third transition was not so characteristic that it would require an



54 J. Abonyi et al. / Fuzzy Sets and Systems 149 (2005) 39–56

independent segment. This smooth transition between the third and the fourth products is also reflected
by how thep(zk|�i) probabilities overlap between the 75–125th hour of operations. The changes of the
p(zk|�i) probabilities around the 135th hour of operation are also informative, as the period of lower or
drastically changing probabilities reflect some erroneous operation of the process. The results are similar
if more than five principal components are taken into account.

This example illustrated that the proposed tool can be applied for the segmentation of a historical
database and with the application of this tool useful information can be extracted concerning the changes
of the operation regimes of the process and process faults. In the current state of our project we use this
tool to compare the production of different products and extract homogenous segments of operation that
can be used by a Kalman-filter-based state estimation algorithm for the identification of useful kinetic
parameters and models which are able to predict the quality of the products[2].

4. Conclusions

This paper presented a new clustering algorithm for the fuzzy segmentation of large multivariate time-
series.The algorithm is based on the simultaneous identification of fuzzy sets which represent the segments
in time and the hyperplanes of local PCA models used to measure the homogeneity of the segments.
The algorithm favors contiguous clusters in time and able to detect changes in the hidden structure of
multivariate time-series. A fuzzy decision-making algorithm based on a compatibility criterion of the
clusters have been worked out to determine the required number of segments, while the required number
of principal components are determined by the screeplots of the eigenvalues of the fuzzy covariance
matrices.

The results suggest that the proposed tool can be applied to extract useful information from temporal
databases, e.g. the detected segments can be used to classify typical operational conditions and analyze
product grade transitions.

Beside the industrial application example a synthetic dataset was analyzed to convince the readers about
the usefulness of the method. Furthermore, the MATLAB code of the algorithm is available from our
website (http://www.fmt.vein.hu/softcomp/segment), so the readers can easily test the proposed method
on their own datasets.

The application of the identified fuzzy segments in intelligent query system designed for multivariate
historical process databases is an interesting and useful idea for future research.
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Table A.1
Bottom-up segmentation algorithm

• Create initial fine approximation.
• Find the cost of merging for each pair of segments:
mergecost(i) = cost(S(ai , bi+1))

• whilemin(mergecost) < maxerror
◦ Find the cheapest pair to merge:i = argmini (mergecost(i)).
◦ Merge the two segments, update theai, bi boundary indices, and recalculate the merge costs.
mergecost(i) = cost(S(ai , bi+1))

mergecost(i − 1) = cost(S(ai−1, bi))

end

Appendix A. Appendix: bottom-up segmentation algorithm

In data mining, the bottom-up algorithm has been used extensively to support a variety of time-
series data-mining tasks[14]. The algorithm begins creating a fine approximation of the time-series, and
iteratively merge the lowest cost pair of segments until a stopping criteria is met. When theSi andSi+1
pair of adjacent segments are merged, the cost of merging the new segment with its right neighbor and
the cost of merging theSi−1 segment with its new larger neighbor must be calculated. The pseudocode
of the algorithm is shown in TableA.1.

This algorithm is quite powerful since the merging cost evaluations requires simple identifications
of PCA models which is easy to implement and computationally cheap to calculate. Because of this
simplicity and because of the PCA defines linear hyperplane, the proposed approach can be considered as
the multivariate extension of the piecewise linear approximation (PLA)-based time-series segmentation
and analysis tools developed by Keogh[14,15].

Based on the PCA model thecost (Si) can be calculated in two ways. The cost can be equal to the
reconstruction error of this segment

cost (Si) = 1

bi − ai + 1

bi∑
k=ai

Qi,k, (30)

whereQi,k = (xk − x̂k)T(xk − x̂k) = xT
k (I − Ui,pUT

i,p)xk or the HotellingT 2 measure:

cost (Si) = 1

bi − ai + 1

bi∑
k=ai

T 2
i,k = 1

bi − ai + 1

bi∑
k=ai

yT
i,kyi,k. (31)
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